Abstract. In 1966, Auslander introduced the notion of the G-dimension of a finitely generated module over a Cohen-Macaulay noetherian ring and found the basic properties of these dimensions. His results were valid over a local Cohen-Macaulay ring admitting a dualizing module (also see Auslander and Bridger (Mem. Amer. Math. Soc., vol. 94, 1969)). Enochs and Jenda attempted to dualize the notion of G-dimensions. It seemed appropriate to call the modules with G-dimension 0 Gorenstein projective, so the basic problem was to define Gorenstein injective modules. These were defined in Math. Z. 220 (1995), 611-633 and were shown to have properties predicted by Auslander's results. The way we define Gorenstein injective modules can be dualized, and so we can define Gorenstein projective modules (i.e. modules of G-dimension 0) whether the modules are finitely generated or not. The investigation of these modules and also Gorenstein flat modules was continued by Enochs, Jenda, Xu and Torrecillas. However, to get good results it was necessary to take the base ring Gorenstein. H.-B. Foxby introduced a duality between two full subcategories in the category of modules over a local CohenMacaulay ring admitting a dualizing module. He proved that the finitely generated modules in one category are precisely those of finite G-dimension. We extend this result to modules which are not necessarily finitely generated and also prove the dual result, i.e. we characterize the modules in the other class defined by Foxby. The basic result of this paper is that the two classes involved in Foxby's duality coincide with the classes of those modules having finite Gorenstein projective and those having finite Gorenstein injective dimensions. We note that this duality then allows us to extend many of our results to the original Auslander setting.
Introduction
Unless stated otherwise, R will be a local Cohen-Macaulay ring of Krull dimensions d admitting a dualizing module D and with residue field k. The Matlis dual of M will be denoted M v . For any P ∈ Spec(R), we note that D P is a dualizing module for R P . Also, D is dualizing forR (the completion of R) and D/ID is dualizing for R/I if I is generated by an R-sequence. If the sequence is maximal, then dim R/I = 0, so D/ID ∼ = E R/I (k).
Since D P = 0 for all P ∈ Spec(R) A module M is said to be Gorenstein projective if there is an exact sequence · · · → P 2
∂2
→ P 1
∂1
→ P 0
∂0
→ P −1
of projective modules such that M = Ker(∂ 0 ) and such that Hom(−, P ) leaves the sequence exact whenever P is a projective module. Dually, a module N is said to be Gorenstein injective if there is an exact sequence
of injective modules such that N = Ker(∂ 0 ) and such that Hom(E, −) leaves the sequence exact when E is injective.
If M is Gorenstein projective, Ext i (M, L) = 0 for all i ≥ 1 and L such that proj. dim L < ∞. If N is Gorenstein injective, Ext i (L, N ) = 0 for i ≥ 1 and L such that inj. dim L < ∞.
Given a class F of R-modules, a linear map φ : F → M where F ∈ F is called an F-precover of M if Hom(G, F ) → Hom(G, M ) → 0 is exact for all G ∈ F. If, moreover, f • φ = φ for f ∈ Hom(F, F ) implies f is an automorphism of f , then φ is called an F-cover of M . If an F-cover exists, it is unique up to isomorphism. F is said to be precovering (covering) if every module admits an F-precover (an F-cover). If F is precovering, for every M there is a complex
with each F i ∈ F such that for all F ∈ F, Hom(F, −) makes the complex exact. Such a complex is called an F-projective resolution of M and is unique up to homotopy. If 0 → M → M → M → 0 is a complex of modules which becomes exact when Hom : (F, −) is applied to it for all F ∈ F, then if M and M admit F-projective resolutions, so does M , and the resolution of M can be constructed from the resolutions of M and M as usual.
F-preenvelopes and envelopes are defined dual to F-precover and covers. We then have the obvious notions of F-injective resolutions and of F being preenveloping. F-injective resolutions of N and N can be combined to give one of N if 0 → N → N → N → 0 is a complex such that Hom(−, F ) makes the complex exact whenever F ∈ F. For example, if F is the class of injective modules, then the condition on 0 → N → N → N → 0 is just that the sequence is exact.
If F is, for example, the class of flat modules, then an F-cover is called a flat cover. In this paper we will follow this general convention for terminology.
We recall that by ([6] , Proposition 5.1) every module over a noetherian ring R has a flat preenvelope.
We need the following result. Proof. We recall that if proj. dim L < ∞ then proj. dim : L ≤ dim : R (Raynaud, Gruson [19] , p. 84). Then by Jensen ([18] ) every flat module has projective dimension at most dim: R. These two results imply that L is closed under taking products. Now given any module M , it is not hard to see that there is an infinite cardinal
But it is also easy to see then that we can construct an L-preenvelope of the form M → Π:
We note that, in general, an L-preenvelope M → L need not be injective. For any R, Foxby [16] 
is an isomorphism when P = R and so is an isomorphism for any projective P . The functor D ⊗ -from G 0 (R) to J 0 (R) gives an equivalence between these two categories. Similarly Hom(D, −) : J 0 (R) → G 0 (R) is an equivalence. It follows, for example, that 
is exact, and so
Similar arguments give
We now let W be the class of all modules W such that W ∼ = D ⊗ P for some projective module. U will consist of all V such that V ∼ = Hom(D, E) with E an injective module.
Proposition 1.5. W is a precovering class and U is a preenveloping class.
Proof. For any M , the evaluation map
. This map can be extended to a map E →Ē which in turn gives a map Hom(D, E) → Hom(D,Ē). It can then be checked that the composition
, so is the third.
The main theorems
As a consequence, when P is projective and Hom(−, D ⊗ P ) is applied to the complex above, the complex becomes exact beginning with the term
Then Ext i (B, P ) = 0 for i ≥ 1 and P projective. We now argue that B can be embedded in a module of finite projective dimension. By Theorem 1. [14] , Hom(D, E) has finite flat and hence finite projective dimension. But then we use the same argument as above and have an embedding B ⊂ Q 1 with Q
is exact. Then proceeding in this manner we can construct an exact sequence
with each Q i projective and such that Hom(−, P ) leaves the sequence exact when P is projective. If
is any projective resolution of C, then since Ext i (C, P ) = 0 for i ≥ 1 and P projective, we get the complex
having the necessary properties to guarantee that C is Gorenstein projective.
Theorem 2.2. A module C is Gorenstein projective if and only if
Proof. We only need apply the arguments we used concerning the C in the proof of Theorem 2.1. Proof. Immediate from the above.
Remark. If a module C has finite projective dimension and Ext i (C, P ) = 0 for all i ≥ 1 and all projective modules P , then C is projective. Hence any Gorenstein projective module which is of finite projective dimension is projective. Now let M be any module of finite projective dimension. Then by Theorem 1.6 we have M ∈ G 0 (R) since P ∈ G 0 (R) for every projective module P . If we let C then be as in Theorem 2.2, then by the above C is projective.
Hence proj. dim M ≤ d. This gives another proof of Raynaud and Gruson's result (see [19] , p. 84) that proj. dim M ≤ dim R whenever proj. dim M < ∞, but of course, under more restrictive conditions. 
Corollary 2.6. N ∈ J 0 (R) if and only if for some n ≥ 0 there exists an exact sequence 
Theorem 2.7. A module G is Gorenstein injection if and only if
be an exact sequence of projective modules with Ker(∂ 0 ) = D and such that Hom(−, P ) leaves the sequence exact when P is projective. Let 0
Then our hypothesis guarantees that there is a commutative diagram
Form the complex associated to this diagram thought of as a double complex (with 0 in all other positions), namely
This complex is exact since the rows of the diagram above are exact. This complex has the exact sequence 0 → D → D → 0 as a subcomplex, so we get an exact quotient complex 0
Since all terms of this sequence with (possibly) the exceptions of P 0 ⊕ C and M are projective, we see that if 0 → L → P 0 ⊕ C → M → 0 is exact, then proj. dim L <∞. In fact, for future reference, we note that proj. dim L ≤ d − 1. Both P 0 and C are Gorenstein projective, so P 0 ⊕ C is too. Since Ext 1 (D, L) = 0 for all Gorenstein projective modules D, P 0 ⊕ C → M is a Gorenstein projective precover.
A dual argument gives
We note that Auslander and Buchweitz [3] have results similar to Theorems 2.9 and 2.10 with chain conditions on the modules.
The proof Theorem 6.1 of [12] can be modified to show that in fact every N ∈ J 0 (R) has a Gorenstein injective envelope N ⊂ G. It will follow then that inj. dim G/N ≤ d − 1 still holds.
Gorenstein flat modules and covers
We recall some facts concerning flat covers. First we note that any module of finite flat dimension has a flat cover (Theorem 3.2, [4] ). If F → M is a flat cover of M with kernel K, then K is cotorsion (Lemma 2.2, [5] ), i.e. Ext 1 (G, K) = 0 whenever G is flat. Hence if M is itself cotorsion, then so is F . If a module K is flat and cotorsion, then K is a summand of a module of the form Hom(E,Ē) where E andĒ are injective (Lemma 2.3, [5] ).
An R-module X is called Gorenstein flat if there is an exact sequence
with F i flat and such that X = Im(∂ 0 ) and such that E ⊗ − leaves the sequence exact whenever E is an injective module.
Gorenstein flat modules were introduced in [11] . In [20] , it was shown that every module over a Gorenstein ring has a Gorenstein flat cover. In this section we will show that every element in the class G 0 (R) has a Gorenstein flat cover. Below we argue that the class of Gorenstein flat modules is closed under taking direct limits, hence by (Theorem, p. 207, [6] or [12] ) it will suffice to show that every module in G 0 (R) has a Gorenstein flat precover. If M ∈ G 0 and 0 → X → Y → M → 0 is exact with Y Gorenstein flat and X such that Ext 1 (Z, X) = 0 whenever Z is Gorenstein flat, then Y → M is a Gorenstein flat precover of M ; hence we will produce such an exact sequence.
We need
Lemma 3.1. If the sequence
· · · → F −1 → F 0 → F 1 → · · ·
is an exact sequence of flat modules such that E ⊗ − leaves the sequence exact when E is an injective module and K is cotorsion and of finite flat dimesion, then
Hom(−, K) leaves the sequence exact.
Proof. If K is flat and cotorsion, then by the remarks above, Hom(−, K) will leave the sequence exact if Hom(−, Hom(E,Ē)) leaves the sequence exact when E andĒ are injective. But Hom(−, Hom(E,Ē)) and Hom(E⊗−,Ē) are isomorphic functors. So for such a K, Hom(−, K) leaves the sequence exact. Now suppose 0 → K → K → K → 0 is an exact sequence of modules such that Hom(F, −) leaves this sequence exact whenever F is flat. Then applying each of Hom(−, K ), Hom(−, K) and Hom(−, K ) to the sequence
we get a short exact sequence of complexes. Hence if any two of Hom(−, K ), Hom(−, K) and Hom(−, K ) leave the given sequence exact, so does the third. Now we note that by induction, we can generalize this result to exact sequences with any finite number of terms. Now let K be cotorsion and of finite flat dimension. Then using flat covers we construct an exact sequence
with each F 0 , · · · , F n flat and cotorsion and such that Hom(F, −) leaves the sequence exact whenever F is flat. But by the above, Hom(−, F i ) leaves the sequence
exact for each i = 0, · · · , n. Hence Hom(−, K) also leaves the sequence exact. 
Corollary 3.2. If X is Gorenstein flat and K is cotorsion and of finite flat dimension, then Ext
i (X, K) = 0 for i ≥ 1.
Proof. (1) =⇒ (2). Since X is Gorenstein flat, by the definition there is an exact sequence
with F i flat such that X = Im(∂ 0 ) and E ⊗ − leaves the sequence exact for any injective module E. Easily for any module L of finite injective dimension, L ⊗ − leaves the sequence exact. Note that X = Im(∂ 0 ). It follows that Tor 
Note that all flat modules are in the class G 0 . It follows that f 0 , f 1 and f 2 are all isomorphisms. Hence X ∼ = Hom(D, D ⊗ X). In order to show that X is in G 0 , we then only need to show that Ext (2) =⇒ (1). We need to construct a complete flat resolution of X which is left exact by E ⊗ − for any injective module E.
By assumption, Tor 
We know that L has a flat cover (Theorem 3.2, [4] ). Consider the exact sequence
with F → L the flat cover of L. Then we consider the pullback diagram 0 0
The fact that Ext 1 (X, K) = 0 shows that 0 → K → D → X → 0 is split. Hence X can be embedded into a flat module F .
Next since R is noetherian, we can choose an embedding F of X such that X → F is a flat preenvelope of X, that is, we have an exact sequence 0 → X → F → X 1 → 0. Therefore the induced sequence
is exact for any flat module F . In particular, for any injective module E, Hom(E, E(k)) is flat, and then Hom(−, Hom(E, E(k))) leaves the above sequence exact. This implies that E ⊗ − leaves the sequence exact for any injective module E.
By Theorem 1.6, X 1 is in G 0 . It is easy to see that Tor i (L, X 1 ) = 0 for any L of finite injective dimension. and i > 0. Finally, repeating the same argument, we get the desired complete flat resolution of X, and then that X is Gorenstein flat.
Corollary 3.4. Any Gorenstein projective module is Gorenstein flat. Any direct limit of a family of Gorenstein flat modules is Gorenstein flat.
Proof. Let C be a Gorenstein projective module. By Theorem 3.3 and 2.2, we only need to show that Tor i (L, C) = 0 for all i > 0 and all L of finite injective dimension. But by a natural isomorphism we easily have that
since C is Gorenstein projective and Hom(L, E(k)) has finite projective dimension.
The remaining part follows from Theorem 3.3 since G 0 is closed under direct limits. Proof. First we note that the class of Gorenstein flat modules is closed under direct limits. So, in order to find a Gorenstein flat cover of M , we only need to find a Gorenstein flat precover of M (which means that the condition (1) where Y is Gorenstein flat since both P and F are Gorenstein flat. Since X has the property Ext 1 (F , X) = 0 for all Gorenstein flat modules F , it is easy to see that Y → M is a Gorenstein flat precover of M . Therefore M has a Gorenstein flat cover.
Remark. Let M ∈ G 0 (G), and let G → M be a Gorenstein flat cover and K the kernel. By Theorem 2.9 and the above argument, it is easy to see that K has flat dimension less than or equal to d − 1. The following result indicates how far a Gorenstein flat module differs from a Gorenstein projective module. Theorem 3.6. If X is Gorenstein flat, then there is an exact sequence 0 → F → P → X → 0 such that P is Gorenstein projective and F is flat.
Proof. Note that a Gorenstein flat module of finite flat dimension is flat. Then the conclusion follows easily from Theorem 2.9.
